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ELASTIC WAVE PROPAGATION IN A POROUS
LAMINATED COMPOSITEt

The Aerospace Corporation, EI Segundo, California, U.S.A.

Abstract~An analysis is presented for linear elastic wave propagation normal to the laminations of a periodically
laminated porous composite. The porosity is randomly distributed throughout one constituent and is com­
posed of small spherical voids. This type of porosity is called randomly periodic and produces Rayleigh scattering
where the wavelength of the incident wave is much larger than the void diameter. Porosity also reduces the
wave speed in a constituent and thereby affects geometric dispersion. A dissipative equation of motion is de­
veloped for porous material that includes a porosity-dependent wave speed and a scattering term that provides
spatial attenuation. This equation is then used for a constituent of a composite, and a dispersion relation and
pulse solution are obtained to determine the significance of porosity in a laminated composite. It is concluded
that Rayleigh scattering produces a small damping effect in far-field pulse shapes and small-void porosity can be
adequately simulated with an effective wave speed.

1. INTRODUCTION

ELASTIC wave propagation in composite materials is influenced by a phenomenon called
geometric dispersion where the phase velocity of harmonic waves depends on their fre­
quency. This tends to spread out a pulse as it travels through a composite. In this paper a
model is presented that describes a medium that is not only geometrically dispersive by
virtue of being periodically laminated, but also alters a pulse form because of the porosity
of one of its constituents. Previous work has dealt with nonporous laminated media,
effective moduli for porous material, and scattering from spherical cavities. This model
attempts to incorporate all of these results to assess the importance of porosity in com­
posite materials.

Geometric dispersion in nonporous laminated materials has been studied by Rytov
[IJ, Sun, Achenbach and Herrmann [2J and Sve [3J and is based on the equations of linear
elasticity. It was found that the frequency spectrum for waves propagating across the
laminations was periodic in wave number and consisted of an infinite number of modes
with stop and pass bands. Sun, Achenbach and Herrmann developed an effective stiffness
theory that compared well with the exact results for long wavelengths and low frequencies.

When porosity is added to a material, the density and elastic modulus decrease.
Mackenzie [4J determined effective elastic moduli for a slightly porous material that
contains a random distribution of small spherical holes. Hashin [5J has considered the
problem of a finite concentration of spherical elastic inclusions in an elastic medium,
and obtained bounds for the moduli. These results are used in the present paper to estimate
an effective wave speed for a porous medium.

t This work was supported by the U.S. Air Force under Contract No. F04701-72-C-0073.
t Member of the Technical Staff, Mechanics Research Department.
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Scattering occurs when a wave encounters an inclusion, and these problems have been
treated in considerable detaiL Yamakawa [6, 7] reviews scattering results for various
kinds of spherical obstacles including cavities, and calculates the energy decrease for
waves traveling through a medium containing N spherical obstacles per unit volume.
Ying and Truell [8] presented scattering cross sections for various spherical inclusions in
the Rayleigh region. Knopoff (9, 10] presented compression and shear wave scattering
calculations for an isolated rigid sphere in an elastic medium. Scattering of transverse
waves by a spherical obstacle was addressed by Einspruch et al. [11]. Pao and Mow [12]
examined the case investigated by Ying and Truell and included the rigid body motion
for the rigid inclusion. An effective continuum theory that included the effect of scattering
for low frequency was developed by Moon and Mow [13J for wave propagation in a
material composed of small rigid spherical inclusions. Their results indicated that an
incident pulse is spread out by geometric dispersion and is also attenuated due to scattering.
They determined that the attenuation depended on the fourth power of the frequency,
which is called radiation damping. Moon and Mow also verified that this attenuation was
proportional to the scattering cross section of a single inclusion. Scattering of elastic
waves by fibers has been considered by Mok [14].

The approach of the present paper is to propose an equation of motion that repro­
duces the known results for a medium composed ofa few spherical holes that are randomly
distributed. Dispersion and attenuation relations are presented for this equation to verify
that it has the proper behavior in the low frequency region. The result is a nondispersive
wave with a wave speed that decreases with porosity. The wave is also spatially attenuated
where the attenuation is proportional to the volume of a void and to the fourth power of
the frequency. This equation is then used for one of the constituents of a laminated com­
posite to determine the effect of porosity on the dispersion and attenuation properties of
a composite. Analytical results are presented for the wave speed, dispersion and attenu­
ation parameters, and pulse shape in a porous laminated composite. Several numerical
examples are included that illustrate the interaction of porosity with the geometric dis­
persion due to the periodicity of the composite.

2. POROUS MATERIAL

Knopoff [15] and Newlands [16] have dealt with dissipative equations of motion in
the simulation of viscoelastic response. In the present case, a dissipative equation is used
that reproduces the low-frequency portion of the exact results obtained by Ying and
Truell [8] for scattering. This does not mean that scattering of energy by inclusions is
caused by a viscoelastic mechanism. When scattering occurs, some energy is taken from
the incident wave and scattered in all directions, which contributes to the attenuation or
extinction of the incident wave as it progresses through the medium. This scattered energy
is not necessarily converted into heat or lost It is simply delayed or redirected, and the
total energy is conserved.

The basic equation used in this paper to simulate the average low-frequency dynamic
behavior of a porous material is

(A +2/l)u.xx t'/u.XXttl = pU.tI (1)
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where u is average displacement, t is time, P is effective density, x is a spatial coordinate,
and '1 is a coefficient (to be defined later) that provides dissipation. The following develop­
ment will provide the motivation for this equation.

The effective Lame parameters, A and J1, are related to the nonporous parameters ,1.0
and J10' Mackenzie's [4J result for the effective bulk modulus K in terms of the porosity
p and the nonporous Poisson's ratio Vo is

~ = 1- 3(1- vo)p
K o 2(1- 2vo}+ (1 + vo)p

and an estimate of the effective shear modulus from Hashin's [5J analysis is

!!..- = 1- 15(1- vo)p
J10 7- 5vo+2(4- 5vo)p

This leads to an effective wave speed

_ (A.+2J1 )t _ (~)tVd - - VoP I-p

where the nonporous wave speed is

_ (,1.0 +2J1 o) t
Vo -

Po

and the effective density is

P = Po(1- pl·

(2)

(3)

(4)

(5)

(6)

The function go depends only on the values of porosity and nonporous Poisson's ratio and
is given by

1OP(1-2vo)

7 - 5vo+2(4- 5vo)p
(7)

These results are for a porous material that contains a small concentration of spherical
cavities and should not be considered valid for all values of porosity. (The reader is referred
to Hashin [5J for a discussion of finite concentrations.) The dependence of the reduced
wave speed on the porosity and Vo is illustrated in Fig. 1. As the nonporous material be­
comes incompressible, Vo approaches 0·5 and vd/VO goes to zero since Vo approaches
infinity and Vd remains finite.

In order to relate equation (1) further to porous media response, a traveling wave
solution is developed, i.e.

u ~ exp[i(KX - wt)]. (8)

Substitution of equation (8) into (1) leads to a relation between the wave number K and
the frequency w, which is

(9)
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where

(10)

(12)

(11)

E = rt/U. + 2Jl~

The separation of K into its real and imaginary parts yields

2 m2[1 +(1 +£2( 6)"'J:]
K = ---

r 2v~(1 + tho6
)

2 w2[-1+(1+02w6)+]
K = .

I 2v~(1+e2OJ6)

Since the low-frequency range is of interest in this study, we expand equations (11 and 12)
to give

(13)

when e2m6 « 1, which yields a nondispersive wave that is spatially attenuated.
If equation (1) is to be useful in the low-frequency response regime, it must be related

to the known results of Ying and TrueH [8]. In their work for a single scatterer, they
presented a low-frequency expression for the scattering cross-section for a small spherical
cavity of radius a. Their result in the present notation is

Sc = 4ngca
6(OJ/vo)4/9 (14)

where

The dependence of 8c on Poisson's ratio Vo is shown in Fig. 2. In order to obtain the attenu­
ation of N scatterers per volume, an assumption is required concerning the influence of a
scatterer on its neighbors. If they are independent and randomly distributed throughout
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the material,

where the porosity is

p = 4na3 N /3.
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FIG. 2. gc vs. Poisson's ratio.

This is a severe limitation since, in some cases, the scatterers should not be considered
independent and a multiple scattering correction would be necessary. These limitations
have been discussed by Moon and Mow [13] and by Truell, Elbaum and Chick [17]. Also,
the expression for the scattering cross-section in equation (14) is for the Rayleigh scattering
region in which the wavelength is much larger than the diameter of the void. In any event,
for a dilute mixture of small random voids, it is now possible to compare equations (13
and 16) in order to determine an explicit expression for G so that the proposed equation
of motion (1) can be used for one or more of the constituents of a composite. The result is

pgca3vd
G=~.

Since an expression for G is now available, dispersion and attenuation curves can be
developed from equations (11 and 12). The effect of Rayleigh-type porosity on the real
part of the wave number for Vo = 0·3 is shown in Fig. 3. In the low-frequency range, the
real part of the wave number is linear in frequency, which indicates a nondispersive result.
The behavior of the imaginary part of the wave number for increasing amounts of porosity
is illustrated in Fig. 4. For small frequencies in agreement with scattering results, the
imaginary part of the wave number is proportional to the fourth power of the frequency.
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FIG. 3. Frequency vs. real part of wave number for porous medium.

3. POROUS LAMINATED COMPOSITE

An analysis based on this model for a porous composite is presented to illustrate the
interaction of geometric dispersion and porosity; In this periodic laminated composite
(Fig. 5), one constituent contains a dilute random distribution of spherical voids. Both
constituents are otherwise linear elastic, isotropic, homogeneous materials where the
equations of motion are

(A.I +21l1)U.xx -1Jl u.xxttt = PIU.tP for layer 1

(A z+2Ilz)u.xx = PZU,tt, for layer 2

(19)

(20)

where U is the displacement normal to the laminations and AI, Ill' PI are the effective
constants that depend on ,.1.0' Ilo, Po and PI' the porosity in layer 1.

FIG. 4. Frequency vs. imaginary part of wave number for porous medium.
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A traveling wave solution is developed with the technique used by Rytov [IJ for the
nonporous case. The displacement is assumed to be of the form

u = f(x) exp[i(KX - wt)]. (21)

Bloch's theorem (see Brillouin [18]) requires that f(x) have the same periodicity as the
composite. Continuity of the displacement and stress at the interfaces must also be satis­
fied by the solution.

Substitution of equation (21) into (19 and 20) yields two ordinary differential equations
with solutions

f(x) = Al exp[i( - K+W/l\)XJ + A2exp[i( - K- w/(1)xJ

for layer 1, and

for layer 2, in which

(22)

(23)

(24)

where

(25)

The matching and periodicity conditions require

f(0+) = f(O-)

f(hi) = f( -hl)

(l-is1W3)(!,+iKf)lx=O+ = y(f'+iKf)lx=o­

(l-is 1w3)(!'+iKf)lx=h, = y(f'+iKf)lx=-h{

where

(26)

(27)

(28)

(29)

A2 +2/l2

(Ao+2/lo)go .
(30)
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Substitution of equations (22 and 23) into (26-29) leads to four homogeneous algebraic
equations. For a nontrivial solution, the following determinant must be zero:

-1 -1

5 -5 -1
(31)

In this determinant,

e l = exp[ih l ( -K+W/CI)J

ez = exp[ih l ( -K-W/CI)J

e3 = exp[ -ih2(-K+W/C z)J

e4 = exp[ihz(K +w/c2 )J

(32)

CIPI
Z=--.

Czpz

This determinant is expanded to yield

cos(wil l ) cos(wa2 )- (1 ;55

2

) sin(wild sin(waz) = cos(Kh)

where

(33)

ill = hJ!c I = a l /(l-ie l w
3 )t,

and the total thickness is

(34)

(35)

This dispersion relation reduces properly for PI = 0 to the result obtained by Rytov [IJ
for no porosity. Also, if a2 is zero, equation (33) reduces to

(36)

which is the dispersion equation for the porous medium considered in the preceding
section.

A low-frequency expansion of equation (33) gives

K = w/co+ aw3/c5 + if3w4 +. . . (37)

1+zz
b=~­

2z
(38)

= c6aia~(I-ZZ)Z
a 6hZ 2z (39)

(40)
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(41)

It should be pointed out that a recent paper by McCoy [19] on the general subject of
scattering in composites includes a low-frequency expansion for the wave number that
has the same form as equation (37).

In Fig. 6, the variation is shown ofco/vo with PI from equation (38) for Vo = 0·3, hz = hi'
pz 3po, and several values of 'Yo, which is defined as

Az+2Jlz
'Yo = .

Ao + 2Jlo

1-0,--------,---,----.----,------,--------,

0·5

0·1 0·2 0·3

FIG. 6. Wave speed vs. porosity.

The composite wave speed decreases almost linearly as the porosity increases. The effect
of porosity on the dispersion parameter ex is shown in Fig. 7. Since hi = hz, the total
porosity in these examples is pd2; thus, 30 per cent porosity in constituent 1 corresponds
to a total porosity of 15 per cent. The attenuation due to scattering as given by equation
(40) is shown in Fig. 8 for a = 0·3h l .

It is possible to obtain dispersion and attenuation curves by determining numerically
the values for Kr and K i that satisfy equation (33) when w is held constant. Figures 9 and 10
are included to show the effect of porosity on the frequency spectrum. As the porosity is
increased, the real part of the lowest mode shifts as shown and the pass bands disappear
since the imaginary part of the wave number is nonzero. Similar results were obtained by
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FIG. 7. Dispersion parameter vs. porosity.
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03

the author (20] when thermoelastic coupling instead of porosity was included in the
governing equations.

4. PULSE PROPAGAnON IN POROUS COMPOSITES

The scattering of energy by voids or inclusions tends to damp out a step pulse. A com­
posite material spreads out pulses. When the two effects are combined in a porous
composite, the resulting pulse shape becomes complicated since the two effects are not
cumulative. This is easily demonstrated by developing the solution to a Love--Rayleigh
equation for composite material response that includes the dissipation term for Rayleigh
scattering from voids. This approach should not be viewed as an exact treatment of pulse
propagation in porous composites but as a technique for correcting the low-frequency
dispersive Love-Rayleigh theory for decay due to scattering. This low-frequency approach
does have merit since it has been shown experimentally by Whittier and Peck [21] that the

1·0

0·8

.£

.£ 06
3

04

0·2

1-4 1·6

FIG. 9. Frequency vs. real part of wave number for porous composite.
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spatially-averaged far-field response of a nonporous laminated composite to a step
pressure pulse can be predicted with a low-frequency analysis.

The same low-frequency relationship between the wave number and the frequency
given in equation (37) is present in

1 21X
U xx = -zu tt--U xxtt+ 2cof3u xxttt·

, co' co' ,

Assuming that the velocity is given at x = 0 as

u)O, t) = H(t)

where H(t) is the Heaviside function, Laplace transform techniques lead to

(42)

(43)

(45)

(44)U,t =~ f S-1 exp[st-n(s)x] ds
2mJBr,

where Br1 is the Bromwich contour in the right half s-plane and

s (SZIX ) - t
n(s) = ±- 1+2--2cof3s 3

Co Co

The sign of n(s) is chosen to satisfy Re[n(s)] > 0 for convergence. The Brz contour, shown
in Fig. 11 with the pole at zero and three branch points for n(s), provides the inverted
form

(46)
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where
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r l = (rz+biyt

rz = [b~+(b3-r)zJt

r3 = [b~ +(b3+r)ZJt
n

b l = A+B+)

b _ A+B _ 2(
Z - 2 3

A= [8C ! (8(3 !)tJt
27 +2 + 27 +4

B = [8C +!_ (8C+!)tJt
27 2 27 4

<PI = n - tan - I(r/b l )

<Pz = cos-l(b2/r2)SGN(r-b3 )

<P3 = cos - I(bz/r3)

(47)

The expression for the velocity in equation (46) was evaluated for x/hz = 100, hz/hi = 1,
Pz/Po = 3, Vo = 0·3, )'0 = 20, PI = 0·3 and a/hi = 0·3. It is compared with the corre­
sponding nonporous case in Fig. 12. The addition of porosity in this example increases
the risetime and period of oscillations and creates a small amount of damping. Arrival
times are significantly different since Co decreases about 25 per cent for PI = 0·3, as shown
in Fig. 6.

5. CONCLUSIONS

A theoretical model for elastic wave propagation in porous composites has been
presented that includes the geometric dispersion from the voids and the layering and the
attenuation due to Rayleigh scattering by the voids. Dispersion and attenuation curves
and a far-field pulse solution have been developed to indicate the influence of porosity
on the dynamic response of porous composites. This analysis indicates that the inter­
action of random porosity and geometric dispersion in composite materials produces a
complicated attenuation of pressure pulses. The porosity and periodicity of the com­
posite combine to create dispersion and result in a frequency-dependent phase velocity
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that spreads out pulses. Porosity also involves scattering leading to additional attenuation
and, if the pores are small and randomly located within a constituent of the composite,
it may be possible to use a continuum approach for low-frequency response calculations.
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REFERENCES

[1] S. M. RYTov, Acoustical properties of a thinly laminated medium. Soviet Phys. Acoust. 2, 68-80 (1956).
[2] c.-T. SUN, J. D. ACHENBACH and G. HERRMANN, Continuum theory for a laminated medium. J. appl.

Mech. 35, 467-475 (1968).



950 C. SVE

[3J C. SVE, Time-harmonic waves traveling obliquely in a periodically laminated medium. J. appl. Mech. 38,
477-482 (\971).

[4J J. K. MACKENZIE, The elastic constants of a solid containing spherical holes. Proc. Phys. Soc. B 63,2-11
(\950).

[5J Z. HASHIN, The elastic moduli of heterogeneous materials. J. appl. Mech. 29,143-150 (\962).
[6J N. YAMAKAWA, Investigation of the disturbance produced by spherical obstacles on the elastic waves­

I and II. Q. J. Seism. 21,1-12: 43-46 (\956).
[7] N. YAMAKAWA, Scattering and attenuation of elastic waves-I and II. Geophys. Mag., Tokyo 31, 63-103

(1962).
[8J C. F. YING and R. TRUELL, Scattering ofa plane longitudinal wave by a spherical obstacle in an isotropically

elastic solid. J. appl. Phys. 27, 1086-1097 (\956).
[9J L. KNOPOFF, Scattering of compression waves by spherical obstacles. Geophys. 24, 30-39 (\959).

[IOJ L. KNOPOFF, Scattering of shear waves by spherical obstacles. Geophys. 24, 209-219 (\959).
[IIJ N. G. EINSPRUCH, E. J. WITTERHOLT and R. TRuELL, Scattering of a plane transverse wave by a spherical

obstacle in an elastic medium. J. appl. Phys. 31, 806-818 (\960).
[12J Y.-H. PAO and C. C. Mow, Scattering of plane compressional waves by a spherical obstacle. J. appl. Phys.

34,493-499 (1963).
[13J F. C. MooN and C. C. Mow, Wave propagation in a composite material containing dispersed rigid spherical

inclusions. RM-6139-PR, The Rand Corporation, Santa Monica, California (\970).
[14J C. H. MOK, Effective dynamic properties of a fiber-reinforced material and the propagation of sinusoidal

waves. J. Acoust. Soc. Am. 46,631-638 (\969).
[15J L. KNOPOFF, On the dissipative viscoelastic constants of higher order. J. Acoust. Soc. Am. 26, 183-186

(\ 954).
[16J M. NEwLANDs, Lamb's problem with internal dissipation-I. J. Acoust. Soc. Am. 26, 434-448 (1954).
[17] R. TRUELL, C. ELBAUM and B. B. CHICK, Ultrasonic Methods in Solid State Physics. Academic Press, New

York (\969).
[18J L. BRILLOUIN, Wave Propagation in Periodic Structures. Dover, New York (\953).
[19J J. J. McCoY, On the dynamic response of disordered composites. ASME Paper No. 72-WA/APM-28.

(To appear in J. Appl. Mech.).
[20J C. SVE, Thermoelastic waves in a periodically laminated medium. Int. J. Solids Struct. 7, 1363-1373 (\971).
[21J J. S. WHITTIER and J. C. PECK, Experiments on dispersive pulse propagation in laminated composites and

comparison with theory. J. appl. Mech. 36, 485-490 (\969).

(Received 18 October 1972; revised 2 February 1973)

A6cTpaKT-)l,aeTcli aHaJIH3 3aiJ,a'lH pacnpOCTpaHeHHlI JIHHdiHhIX ynpyrHx BOJIH, HOpMaJIhHhIX K CJIOliM
nepHOiJ,H'leCKH CJIOHCThIX, nopHCThIX COCTaBHhlX MaTepHaJIOB. nOpHCTOCTh 6eCnOplliJ,O'lHO pacnpeiJ,eJIeHa
nOBCIOiJ,y OiJ,HOrO KOMnOHeHTa H COCTaBJIeHa H3 JIaJIbIX, CQJepOHiJ,aJIhHhIX nycTOT. 3TOT THn nopHCTOCTH
Ha3BaH 6eCnOplliJ,O'lHO nepHOiJ,H'leCKHM. OH Bbl3hl3hIBaeT p:meeBCKoe paCCellHHe, B KOTOpOM iJ,JIHHa
yiJ,aplilOIlleu BOJIHhI 3Ha'lHTeJIhHO 60JIhWa, no cpaBHeHHIO CiJ,HaMeTpOM nYCTOThI. nOpHCTOCTh yMeHhlllaeT,
TaKJKe, CKOPOCTh BOJIHhI B KOMnOHeHTe H B CB1I3hI C :HOM BJIHlIeT Ha reOMeTpH'lecKylO iJ,HCnepCHIO.
OnpeiJ,eJIlieTCli iJ,HCCHnaTHBHoe ypaBHeHHe iJ,BHJKeHHlI )l,JIli nopHCToro MaTepHaJIa, KOTopoe 3aKJIIO'laeT
CKOPOCTh BOJIHhI, B 3aBHCHMOCTH OT nopHCTOCTH, H 'lJIeH paccellHHlI, iJ,alOnlHU npocTpaHcTBeHHoe
3aTyxaHHe. 3aTeM npHMeHlIeTCli 3TO ypaBHeHHe iJ,JIli KOMnOHeHTa COCTaBHoro MaTepHaJIa. nOJIY'laIOTCli
3aBHCHMOCTb iJ,HCnepCHH H pellleHHe iJ,JIli HMnYJIhCa, C I.\eJIhlO YKa3aHHlI 3Ha'lHTeJIhHOCTH nopHCTOCTH B
CJIOHCThIX COCTaBHhIX MaTepHaJIax. )l,eJIaeTCli BhIBOiJ" 'ITO p:meeBCKoe paccellHHe iJ,aeT MaJIhIU 3QJQJeKT
iJ,eMnQJHpOBaHHlI B O'lepTaHHlIX OTiJ,aJIeHHhIX HMnyJIhCOB. YiJ,OBJIeTBOpHeTJIhHO MOJKHO MOiJ,eJIHpOBaTh
nopHCTOCTh CJIaJIbIMH nycToTaMH C nOMOlllhlO 3QJQJeKTHBHOU CKOpOCTH BOJIHhI.


